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Abstract. We study an eigenvalue problem for a spin matrix arising in the Pauli
Lubanski vector operator. Entanglement of the eigenvectors and its connection
with degeneracy is discussed.
Let S1, S2, S3 be the spin matrices [1] for spin s =
1
2
, 1, 3
2
, 2, . . .. The matrices are
(2s + 1)× (2s + 1) hermitian matrices (S1 and S3 are real symmetric) with trace
equal to 0 satisfying the commutation relations
[S1, S2] = iS3, [S2, S3] = iS1, [S3, S1] = iS2. (1)
The eigenvalues of S1, S2, S3 are s, s− 1, . . . ,−s for a given s. We have
S21 + S
2
2 + S
2
3 = s(s+ 1)I2s+1 (2)
where I2s+1 is the (2s+ 1)× (2s+ 1) identity matrix. Furthermore we have
tr(S2j ) =
1
3
s(s+ 1)(2s+ 1) (3)
and
tr(SjSk) = 0 for j 6= k and j, k = 1, 2, 3. (4)
In general we have that tr(Snj ) = 0 if n is odd and tr(S
n
j ) =
1
3
s(s+ 1)(2s+ 1) if n
is even. It follows that tr((SjSk)⊗ (SℓSm)) = 0 if j 6= k and ℓ 6= m.
The Pauli-Lubanski vector operator (see [2, 3, 4] and references therein) is given
by
W µ =
3∑
ν=0
3∑
ρ=0
3∑
λ=0
ǫµνρλSρλpν
where µ = 0, 1, 2, 3 and the underlying metric tensor field is
g = −dx0 ⊗ dx0 + dx1 ⊗ dx1 + dx2 ⊗ dx2 + dx3 ⊗ dx3.
The W µ (µ = 0, 1, 2, 3) are (2s+ 1)× (2s+ 1) matrices with
3∑
µ=0
WµW
µ = s(s+ 1)(
3∑
µ=0
pµp
µ)I2s+1
and S = (Sρλ) denotes the (4 · (2s+ 1))× (4 · (2s+ 1)) matrix
S = (Sρλ) =


02s+1 S1 S2 S3
−S1 02s+1 −iS3 iS2
−S2 iS3 02s+1 −iS1
−S3 −iS2 iS1 02s+1

 .
Here 02s+1 is the (2s+ 1)× (2s+ 1) zero matrix. The inverse matrix of S is given
by
S−1 =
1
s(s+ 1)


−I2s+1 −S1 −S2 −S3
S1 I2s+1 −iS3 iS2
S2 iS3 I2s+1 −iS1
S3 −iS2 iS1 I2s+1

 .
We also write S = T1 + T2 with
T1 =


02s+1 S1 S2 S3
−S1 02s+1 02s+1 02s+1
−S2 02s+1 02s+1 02s+1
−S3 02s+1 02s+1 02s+1

 , T2 =


02s+1 02s+1 02s+1 02s+1
02s+1 02s+1 −iS3 iS2
02s+1 iS3 02s+1 −iS1
02s+1 −iS2 iS1 02s+1


where T1 is a skew-hermitian matrix and T2 is a hermitian matrix. We study the
eigenvalue problem for the matrix S and the commutators generated by T1 and T2.
First we note that the matrix S is nonnormal. We obtain
[S, S∗] = SS∗ − S∗S = 2


02s+1 i[S2, S3] i[S3, S1] i[S1, S2]
i[S2, S3] 02s+1 02s+1 02s+1
i[S3, S1] 02s+1 02s+1 02s+1
i[S1, S2] 02s+1 02s+1 02s+1

 .
The trace tr(SN) can also be found in closed form. We obtain
tr(S) = 0
tr(S2) = 0
tr(S3) = s(s+ 1)(2s+ 1)× 2
tr(S4) = s(s+ 1)(2s+ 1)× 4 (s(s+ 1)− 1)
tr(S5) = s(s+ 1)(2s+ 1)× (6− 8s(s+ 1))
tr(S6) = s(s+ 1)(2s+ 1)× (4(3s(s+ 1)− 2))
tr(S7) = s(s+ 1)(2s+ 1)× 2 (s(s+ 1) (s2 + s− 8)+ 5)
tr(S8) = s(s+ 1)(2s+ 1)× 4 (s6 + 3s5 + s4 − 3s3 + 3s2 + 5s− 3)
Based on the properties of matrices T1 and T2, it is possible to show that the trace
of SN is
tr(SN)=
[1
2
(−1 + i
√
4s(s+ 1)− 1)
]N
(2s+ 1)
+
[1
2
(−1 − i
√
4s(s+ 1)− 1)
]N
(2s+ 1)
+(−1)N(s+ 1)N(2s− 1) + sN(2s+ 3).
The formula above shows the eigenvalues along with their multiplicity.
For spin-1
2
we find the eight eigenvalues
1
2
(4 times),
1
2
(−1 +
√
2i) (2 times),
1
2
(−1 −
√
2i) (2 times)
For spin-1 we find the twelve eigenvalues
1 (5 times),
1
2
(−1 +
√
7i) (3 times),
1
2
(−1−
√
7i) (3 times), −2 (1 times)
For spin-3
2
we find sixteen eigenvalues
3
2
(6 times),
1
2
(−1 +
√
14i) (4 times),
1
2
(−1−
√
14i) (4 times), −5
2
(2 times)
For spin-2 we find the twenty eigenvalues
2 (7 times),
1
2
(−1 +
√
23i) (5 times),
1
2
(−1 −
√
23i) (5 times), −3 (3 times).
For spin-5
2
we find the twenty four eigenvalues
5
2
(8 times),
1
2
(−1+
√
34i) (6 times),
1
2
(−1−
√
34i) (6 times), −7
2
(4 times).
For the general case with spin-s the eigenvalue s is (2s+1)+2 = 2s+3 degenerate.
For spin s ≥ 1 we find the eigenvalue (−s − 1) which is (2s + 1) − 2) = 2s − 1
degenerate. The complex eigenvalues
1
2
(−1 + i
√
4s(s+ 1)− 1), 1
2
(−1− i
√
4s(s+ 1)− 1)
are (2s+ 1) times degenrate.
Consider now the commutators and anti-commutators for T1 and T2. We obtain
T3 := [T1, T2] =


02s+1 −S1 −S2 −S3
−S1 02s+1 02s+1 02s+1
−S2 02s+1 02s+1 02s+1
−S3 02s+1 02s+1 02s+1

 .
Furthermore we find
[T3, T1] = 2


s(s+ 1)I2s+1 02s+1 02s+1 02s+1
02s+1 −S21 −S1S2 −S1S3
02s+1 −S2S1 −S22 −S2S3
02s+1 −S3S1 −S3S2 −S23


[T3, T2] =T1
and
[[T3, T1], T1] =−4s(s + 1)T3
[[T3, T1], T2] = 04(2s+1)
[[T3, T2], T1] = 04(2s+1)
[T3, T2], T2] =T3.
The anticommutator of T1 and T2 is [T1, T2]+ = −T1. We note that T1 and T2 are
both separately normal with T ∗1 = −T1 T ∗2 = T2 and [S, S∗] = 2T3.
For spin-1
2
and eigenvalue 1
2
(four times degenerate) the set of normalized linearly
independent eigenvectors is given by
v1 =
1√
2


0
0
1
0
0
0
0
1


=
1√
2
((
1
0
)
⊗
(
0
1
)
⊗
(
1
0
)
+
(
0
1
)
⊗
(
0
1
)
⊗
(
0
1
))
v2 =
1√
2


0
0
0
0
1
0
0
i


=
(
0
1
)
⊗ 1√
2


1
0
0
i


v3 =
1√
2


0
0
0
1
0
0
−1
0


=
1√
2
((
1
0
)
⊗
(
0
1
)
⊗
(
0
1
)
−
(
0
1
)
⊗
(
0
1
)
⊗
(
1
0
))
v4 =
1√
2


0
0
0
0
0
1
i
0


=
(
0
1
)
⊗ 1√
2


0
1
i
0

 .
Applying the n-tangle introduced by Wong and Christensen ([5, 6]) we find that
the four eigenvectors are non-entangled. For the second and fourth this also seen
from the fact that the eigenvectors can be written as Kronecker products of nor-
malized vectors in C2 and C4. Now forming combinations of these vectors (which
are also then eigenvectors) we find the following, where we normalize the linear
combinations. v1+v3 and v1−v3 are non-entangled as well as v2+v4 and v2−v4
are non-entangled. On the other hand v1 + v4, v1 − v4, v2 + v3, v2 − v3 are
entangled.
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